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THE SUBJECT OF CONSTRAINT EQUATIONS RELATING STRESSES 
AND STRAINS I N  FIBER GLASS 

G. A. Wang Fou Feng 

Based on models of a nonhomogeneous body, cons t r a in t  
equations are derived r e l a t i n g  stresses and s t r a i n s  i n  a 
singly-reinforced s t r i p  of f ibe r  g l a s s ,  with proper consid- 
e r a t i o n  f o r  the  rheological  proper t ies  of t h e  binder .  It 
has been es tab l i shed  t h a t ,  t o  descr ibe  the  creep proper t ies  
of a un id i r ec t iona l ly  reinforced s t r i p ,  i t  is  necessary t o  
take i n t o  considerat ion t h e  time v a r i a t i o n  i n  t h e  Poisson 
r a t i o  and the  modulus of e l a s t i c i t y  of t h e  binder .  

/110* 

A comparison w a s  made between the  derived t h e o r e t i c a l  
formulas and t h e  r e s u l t s  of experimental i nves t iga t ions  of 
f i b e r  g l a s s  i n  the  e l a s t i c  deformation range of t he  binder. 

The high u l t imate  s t r eng th  of t h i n  f i b e r s  encourages widespread use of 
syn the t i c  materials i n  new manufacturing techniques. 
t h i s  s t r eng th  in products,  f i b e r s  are bound i n t o  monolithic materials by m e a n s  

For t h e  u t i l i z a t i o n  of 

I*, YJ l=J 

Figure 1. Figure 2. 

of polymers o r  cements possessing s u f f i c i e n t l y  high adhesion t o  t h e  f i b e r s .  

The r e s u l t i n g  nonhomogeneous mater ia l ,  f i b e r  g l a s s  or  f iber-reinforced 
cement, is character ized by an iso t ropic  mechanical and s t r u c t u r a l  p roper t ies ,  
imparted by t h e  ind iv idua l  physico-mechanical p rope r t i e s  of t h e  f i l l e r  and bind- 
er and by the  manufacturing process. Of g rea t e s t  p r a c t i c a l  i n t e r e s t  are f i b e r  
g l a s ses  comprised of s t ra ightened  f i b e r s  having the  h ighes t  poss ib le  t e n s i l e  
p rope r t i e s  a t  s p e c i f i c  l eve l s .  

*Numbers i n  the  margin ind ica t e  pagination i n  t h e  o r i g i n a l  fore ign  t e x t .  

1 



, NASA TT F-10,379 

. 
I n  t h i s  work, t h e  mechanical p rope r t i e s  of such f i b e r  g l a s ses  are deter- 

mined based on models, using t h e  known p rope r t i e s  of f i l l e r s  and binders. 

1. L e t  us  consider a body comprised of a system of ind iv idua l  g l a s s  f i b -  
L e t  t h e  f i b e r s  b e  located p a r a l l e l  ers and a v i s c o e l a s t i c  homogeneous medium. 

t o  each o the r  a t  t he  l a t t i c e  po in t s  of a r egu la r  b ipe r iod ic  l a t t i c e  while  t h e  
spaces between t h e  f i b e r s  are f i l l e d  with a binder polymer (Figure 1). 

Models of bodies re inforced i n  mutually perpendicular d i r e c t i o n s  are shown 
i n  Figure 2. 
t o  g e t  o t h e r  types o r  s t r u c t u r e s  of t he  material. 
p r o p e r t i e s  of materials with a r b i t r a r y  o r i e n t a t i o n  of t h e  f i l l e r ,  l e t  u s  inves- 
t i g a t e  t h e  p rope r t i e s  of a un id i r ec t iona l ly  re inforced s t r i p  formed by a l a r g e  
number of individual  f i b e r s  i n  a complex s ta te  of stress. 

The manufacturing process for f i b e r  g l a s s  a l s o  makes i t  poss ib l e  
For f inding t h e  mechanical/111 

2. Resul ts  of i nves t iga t ions  of the mechanical p rope r t i e s  of g l a s s  f i b e r s  
c a r r i e d  out  by several authors [ 4 ]  show t h a t  i n  t h e  temperature range below 
100°C, g l a s s  is a p e r f e c t l y  e las t ic  ma te r i a l  f o r  which Hooke's l a w  is  v a l i d .  

Mechanical p rope r t i e s  of polymer binders are s i g n i f i c a n t l y  more complex 
than p r o p e r t i e s  of g l a s ses ,  and even cross-linked polymers e x h i b i t  rheo log ica l  
p rope r t i e s  a t  ordinary temperatures. When subjected t o  a constant load f o r  an 
extended period, polymers exh ib i t  creep, only t o  r e t u r n  t o  t h e i r  o r i g i n a l  state 
wi th in  a f i x e d  t i m e  period a f t e r  t he  load is removed. 
gram is  nonl inear ;  f o r  epoxy-based binders, t h e  d i s t o r t i o n  of the  diagram, even 
a t  high stresses, is  i n s i g n i f i c a n t .  Therefore, i n  t h e  chosen approximation, w e  
confine ourselves  t o  inves t iga t ion  of the inelast ic  deformations of t he  binders  
based on t h e  theory of elastic memory. 

The s t r e s s - s t r a i n  dia- 

The t o t a l  s t r a i n  of a cross-linked polymer c o n s i s t s  of e las t ic  and hyper- 
e l a s t i c  cons t i t uen t s  

Residual s t r a i n  f o r  epoxy r e s i n  binders i s  i n f i n i t e l y  s m a l l  and, there- 
f o r e ,  is ignored. The e las t ic  p a r t  e i s  r e l a t e d  t o  t h e  stress through t h e  in- 
stantaneous modulus of e l a s t i c i t y  

Hyperelast ic  s t r a i n s  are cumulative with t i m e .  Therefore, f o r  treatment 
of experimental da ta ,  t he  equation of state should b e  p l o t t e d  on t h e  b a s i s  of 
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those models leading t o  the  s implest  kernels i n  t h e  formulas of t h e  theory of 
memory-possessing media, and allowing an approximate desc r ip t ion  of t h e  funda- 
mentals governing the  deformation of the  binder.  An equation of the  form 

is  proposed f o r  descr ibing the  pr inc ipa l  phenomena of hype re l a s t i c  deformation 
of cross-linked polymers. I n  pa r t i cu la r ,  i f  w e  se t  

h =  1; U - a  I cr - Ecoe, I 
kT P = Po exp { 

hufel; ; C t  
then (2) is transformed i n t o  the  well-known equation of Maxwell--, used 
i n  [3] f o r  t r e a t i n g  experimental da t a  from tests of B F - 4 .  

The so lu t ion  of l i nea r i zed  equation (2) leads  t o  the  well-known r e l a t i o n s  
f o r  memory-possessing e l a s t i c  media. I n  t h e  case of a unidimensional problem, 
the  r e l a t i o n  between s t r a i n s  and s t r e s s e s  f o r  a homogeneous polymer is expres- 
sed as follows: 

where 

(3)  

I112 - 

H e r e ,  E, is the  modulus of hype re l a s t i c  s t r a i n ;  

co 

As is evident ,  the func t ion  of Yu. Rabotnov [5] appears as the  a f t e r e f f e c t  ker- 
nel .  I n  t h e  de r iva t ion  of formula ( 3 ) ,  t h e  following r e l a t i o n  w a s  u t i l i z e d :  

t 

3 



. 
The so lu t ion  of (3)  makes i t  possible  t o  f i n d  stresses as a funct ion of 

s t r a i n  

o r  

(5) (t) = E * E  (i) = E, [ 1 - ~ a t h  (-- xo - x==)I 8 (t). 
- 0  

Here 3,-h (- X o  - %- - t‘) is t h e  re laxa t ion  kernel .  

During s i m p l e  creep, when a = ao, using the  approximation of M. Rozovsky 
[6] w e  f i nd  

When t + 03 t he  continuous modulus w i l l  be 

I n  t h e  case of s imple  re laxa t ion ,  E = E i t  follows from ( 4 )  t h a t  0’ 

3 .  L e t  us  consider a composite mater ia l  i n  which the  elements are loca ted  
as shown i n  Figure 1. L e t  t he re  be a large number of cross  sec t ions  of individ- 
u a l  f i b e r s  per u n i t  of cross-sect ional  area. 
s ta te  of t h i s  body, tensor  o can be usefu l ly  s p l i t  i n t o  a deduced mean stress 

tensor  and a tensor  of l a t t i c e  ( f luc tua t ing)  stresses 

When inves t iga t ing  t h e  s t r e s s e d  

i k  

The components of ayk charac te r ize  the  nonuniform stressed s ta te  and a t  

t h e  average l e v e l s  they do not  increase, i .e. ,  they are self-balancing. Sim-  
i l a r l y ,  l e t  us assume 
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I n  use,  a cons t r a in t  is set up only between <aik} and (“ik). 

L e t  us  assume that t h e  elementary rec tangle  (Figure 1) is under t e n s i l e  
stress (all). 

two separate ones: 
t e r a c t i o n  between f i l l e r  and binder,  and t h e  second taking t h i s  i n t e r a c t i o n  in- 
t o  account. 

I n  t h i s  case,  t he  t o t a l  so lu t ion  of the  problem is  comprised of 

one f o r  t h e  case d t ecs ion  without considering the  in- /113 

I n  order  t o  consider t he  rheological proper t ies  of t he  binder w e  w i l l  make 
use of t h e  p r i n c i p l e  of V. Vol?terra, according t o  which E*, v*, G* f o r  the  
binder  are considered as i n t e g r a l  operators.  Then equations (1) w i l l  a l s o  be 
v a l i d  f o r  polymer binders ,  bu t  i n  these  equations i t  is necessary t o  rep lace  
t h e  modulus values by i n t e g r a l  operators.  Taking i n t o  account t h e  high value 
of t h e  Poisson’s r a t i o  f o r  epoxy binders,  w e  w i l l  ignore t h e  i n e l a s t i c  defor- 
mations under bulk compression i n  the  following. This assumption l eads  t o  the  
formula 

The stress adduced f o r  t h e  s t r i p  w i l l  be 

I H e r e ,  5, rl are t h e  corresponding r e l a t i v e  volume contents  of f i l l e r  and binder;  

(ail) represents  t h e  mean stresses found from the  so lu t ion  by considering the  

i n t e r a c t i o n  between t h e  reinforcement mater ia l  and the  binder.  Analogous re- 
l a t i o n s  w i l l  occur f o r  o ther  operators  as w e l l .  

When a bar  is pul led by stresses (a2,) , due t o  t h e  adhesion of t h e  f i l l e r  

and the  binder ,  t he  reinforcement w i l l  a lso take  a corresponding p a r t  of t h e  
stress. W e  s h a l l  present  t h e  so lu t ion  of t h i s  problem as the  sum of two solu- 
t i ons :  t he  f i r s t  corresponding t o  the  plane s t r a i n e d  s ta te  when {E ) = 0, 

and the  second corresponding t o  the  problem of a bar  under tens ion  along the  
x1 ax is .  

h e l i s h v i l i .  I n  our case,  a l l  t h e  functions w i l l  depend of t h e  volume v a r i a b l e  
z and on t i m e .  The bas i c  r e l a t i o n s  w i l l  be 

11 

For so lv ing  plane problems, l e t  us  u t i l i z e  t h e  methods of Kolosov-Musk- 
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Here 

Using the method of separation of variables for the region occupiei by the 
reinforcing material, we will get 

For the external region, we assume 

where@(<), Q(<) are elliptic functions [ 7 ] ;  h is a dimensionless radius. - /114 

wl, w 2  are the basic periods in the structure. 

From the conditions of equal displacement and equal stress at the glass- 
resin boundary (when 5 = T) we arrive at a system of equations which allows us 
to evaluate functions an(t), bn(t), c (t), dn(t), n 
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The given model allows us t o  ge t  an approximate evaluat ion of t he  stresses of 
the  bonding areas  between t h e  f i b e r s  and the  r e s in .  

4 .  During shear i n  plane (xl, x ) t he  i n t e r a c t i o n  between the f i b e r s  oc- 

I f  w e  assume tha t  only t h e  shear  s t r a i n s  between t h e  
2 

curs  through t h e  binder.  
f i b e r s  d i f f e r  from zero, t he  so lu t ion  of t h e  problem resolves  i t s e l f  i n t o  the  
determination of an a n a l y t i c a l  funct ion u 
along t h e  x axis, whereas 1 

charac te r iz ing  normal displacements 1' 

1 
I The boundary conditions reduce t o  equations of equivalent  displacement and 

equal i ty  of t angen t i a l  stress at  the  region of contact  between t h e  f i b e r s  and 
t h e  ' r e s in  when z = T 

where u 1  a '  a r e  t h e  displacement and stress of t h e  binder.  1' xlr 

The so lu t ion  of t h e  given problem r e s u l t s  i n  a formula of t h e  form 

<E12> =X<%,> 9 

where 

m 

5. The r e l a t i o n  between the  mean normal stresses and s t r a i n s  is s e t  up 
based on t h e  system of equations (10, 11) and on the  following averaging of 
stresses and s t r a i n s .  For descr ibing the  creep phenomena, opera tor  r e l a t i o n s  
have been obtained which have t h e  form 



. 
Operators Xik. are general ly  l a r g e  enough t o  be used i n  t h e  theory of 

s h e l l s .  For f i b e r  g l a s s ,  t he  derived formulas can be s impl i f ied  without allow- 
ing s i g n i f i c a n t  e r ro r s .  These s impl i f ica t ions  lead  fo t h e  following r e l a t i o n s ,  
s u i t a b l e  f o r  s t r u c t u r i n g  a theory f o r  creep i n  thin-walled s h e l l s :  

/115 

Theory 

Experiment 

As is evident,  f o r  a unid i rec t iona l ly  re inforced s t r i p  it is e s s e n t i a l  t o  
take  t h e  creep of t he  material i n t o  account during shear  and tension i n  t h e  di-  
r ec t ion  normal t o  t h e  reinforcement. 

0 
2 V 

0 
1 V G1 

6.05 x 10 4 5 lo5 1.6 10 0.24 0.07 

8 x 10 4.5 x 10 1.2 x 10 0.23 0.06 

The values  of t h e  moduli determined f o r  instantaneous elastic deformation 
of t h e  binder  were compFed with t h e  r e s u l t s  of experimental i nves t iga t ions  of 
t h e  mechanical proper t ies  of a unid i rec t iona l ly  re inforced s t r i p .  
t i on ,  t he  values  used w e r e  

For calcula- 

v = 0.2; vo  = 0.4. 5 E~ = 7 x i o  ; = 3.5 x l o 4 ;  a 

The r e s u l t s  of t he  ca l cu la t ions  and t h e i r  comparison with experimental data* 
are shown i n  the  tab le .  

*Experimental da ta  w a s  obtained by G. V. B i l i da  -- s t a f f  member of t he  In- 
s t i t u t e  of Mechanics of t h e  Academy of Sciences, Ukranian SSR. 

8 



b NASA TT F-10,379 
REFERENCES 

1. Bryzgalin,  G. I.: K raschetu na polzuchest '  p las t inok  i z  s tek loplas t ikov .  
(Calculat ion of creep i n  f i b e r  g l a s s  p la tes . )  P.M.T.F., Vol. 4, 1963. 

2. Muskhelishvili ,  N. I.: Nekotoryye osnovnyye zadachi matematicheskoy t e o r i i  
uprupost i .  \ (Severa l  P r inc ipa l  Problems Concerning the Mathematical 
Theory of E la s t i c i ty . )  Izd-vo. AN SSSR, Moscow, 1954. 

3. Rabinovich, A. L.: Nekotoryye mekhanicheskiye Kharakter i s t ik i  plenok but- 
var-fenol'nogo polimera. 
phenol polymer fi lms.)  Vysokomolekulyarnyye soyedineniya, Vol. 1, No. 
7 ,  1959. 

(Several mechanical characteristics of butvar- 

4. Rabinovich, A. L.: Uravneniye svyazi p r i  ploskom napryazhennom sos toyani i  
(Constraint  equations f o r  the  plane oriyentirovannykh s tekloplast ikov.  

compressed state of or ien ted  f i b e r  g lass . )  DAN SSSR, Vol. 14, 1963. 

5. Rabotnov, Yu. N.: Ravnovesiye uprugoy sredy s posledeystviyem. (Equili-  
brium of elastic medium with res idua l  a f t e r e f f e c t s . )  P.M.M., Vol. 12, 
No. 1, 1948. 

6. Rozovskiy, M. I.: 0 nekotorykh osobennostyakh uprugo-nasledstvennykh sred.  
(Several  c h a r a c t e r i s t i c s  of elastic,  memory-possessing media.) 
AN SSSR, No. 2, 1961. 

Izv. 

7. F i l ' sh t in sk iy ,  L. A.: Napryazheniya i smeshcheniya v uprugoy p loskos t i ,  
oslablennoy dvoyakoperiodicheskoy sistemoy odinakovykh lmuglykh otver- 
s t i y .  
per iodic  system of similar round holes.) 

(S t resses  and displacement i n  an e las t ic  plane weakened by a bi-  
P.M.M., Vol. 28, No. 3, 1964. 

Submitted 
24 February 1964. 

I n s t i t u t e  of Mechanics,Academy 
of Sciences of t he  Ukranian 
SSR. 

FRANK C. FARNHAM COMPANY 
133 S. 36th S t r e e t  
Phi ladelphia ,  Pa. 19104 

9 


